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Abstract
Given a connected (p;q)-graph G = (V;E) of diameter d(G); ∅ ̸= M ⊆ V (G) and a
nonempty set X = {1;2;3;:::;d(G)} of colors of cardinality d(G); let fo
M be an assignment
of subsets of X to the vertices of G; such that fo
M(u) = {d(u;v) : v ∈ M;u ̸= v} where
d(u;v) is the usual distance between u and v: Given such a function fo
M for all vertices
in G; an induced edge function f
⊕
M of an edge uv ∈ E(G); f
⊕
M (uv) = fo
M(u)
⊕
fo
M(v):
We call fo
M an M-open distance pattern coloring of G; if no two adjacent vertices have
same fo
M and if such an M exists for a graph G; then G is called an open distance pattern
colorable graph; the minimum cardinality of such an M if it exists, is the open distance
pattern coloring number of G; denoted by M(G): Also, if |f
⊕
M (e)| = k for all e ∈ E(G);
we call G a k-uniform M-open distance pattern colorable graph and if such an M exists
for a graph G; then G is called k-uniform open distance pattern colorable graph. In this
paper we initiate a study on properties of graphs which belongs to this coloring class.
Keywords : open distance pattern coloring, k-uniform distance pattern coloring.
1 Introduction
All graphs considered in this paper are nite, simple, connected and loop-free, as treated
in F. Harary [9]. New terms and notations will be introduced as and when required.
On 29th November 2006, B.D. Acharya [11] conveyed to the rst author the following
denitions for a detailed study.
Let G = (V;E) be a given connected simple (p;q)-graph with diameter dG; ∅ ̸= M ⊆ V (G)
and u ∈ V (G): Then, the M-distance pattern of u is the set fM(u) = {d(u;v) : v ∈ M}:
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Clearly, fM(u) = {j : NM
j [u] ̸= ∅}; where NM
j [u] = {v ∈ M : d(u;v) = j}: If fM : u  →
fM(u) is an injective function then the set M is a distance pattern distinguishing set (or,
a `dpd-set' in short) of G: A graph G with a dpd-set is called a distance pattern distin-
guishing graph (dpd-graph). We associate with each vertex u of a graph G = (V;E) its
open M-distance pattern (or, `odp' in short), f0
M(u) = {d(u;v) : v ∈ M;u ̸= v}; and the
graphs in which every vertex has the same open distance pattern are called odp-uniform
graphs (or, simply, `odpu-graphs'), where the set-valued function (or, set-valuation) [1]
fo
M is called the open distance pattern uniform (or, a odpu)- function and M is called an
odpu-set of G: The minimum cardinality of a dpd-set (odpu-set) in G; if it exists, is the
dpd-number (odpu-number) of G [11].
B.D. Acharya [11], while sharing his many incisive thoughts during our discussion in
June 2008, introduced a new approach, namely, distance neighborhood pattern matrices
(dnp-matrices), to study dpd (odpu)-graphs, as follows.
For an arbitrarily xed vertex u in G and for any nonnegative integer j; we let Nj[u] =
{v ∈ V (G) : d(u;v) = j}: Clearly, N0[u] = {u}; ∀ u ∈ V (G) and Nj[u] = V (G) − V (Cu)
whenever j exceeds the eccentricity "(u) of u in the component Cu to which u belongs.
Thus, if G is connected then, Nj[u] = ∅ if and only if j > "(u): If G is a connected graph
then the vectors u = (|N0[u]|;|N1[u]|;|N2[u]|;:::;|N"(u)[u]|) associated with u ∈ V (G) can
be arranged as a p × (dG + 1) nonnegative integer matrix DG given by


 
 


1 |N1[v1]| |N2[v1]| ::: |N"(v1)[v1]| 0 0 0
1 |N1[v2]| |N2[v2]| ::: ::: |N"(v2)[v2]| 0 0
::: ::: ::: ::: ::: ::: ::: :::
::: ::: ::: ::: ::: ::: ::: :::
1 |N1[vp]| |N2[vp]| ::: ::: ::: ::: |N"(vp)[vp]|


 
 


We can obtain a (0;1) matrix D∗M
G from DoM
G by replacing each nonzero entry by 1:
A detailed study on these concepts have been done in [2], [3], [11], [12].
Coloring of the vertices and edges of a graph G which are required to posses certain condi-
tions have often been motivated by their utility in various applied elds and their intrinsic
mathematical interest. An enormous amount of literature has built up on several kinds
of colorings of graphs. The classic k-coloring problem tries to assign a color from 1 to
k to each vertex in a graph such that no two adjacent vertices share the same color [6].
The k-coloring problem, along with many variations and generalizations, is well studied
in both computer science and mathematics. Its applications range from frequency assign-
ment and register allocation, to circuit board testing and timetable scheduling [4], [5], [10].
Motivated from the denition of dpd (odpu)-graphs and the classic k-coloring problem,
we dene M-open distance pattern coloring of a graph G as follows.
Denition 1.1. Given a connected (p;q)-graph G = (V;E) of diameter d(G); ∅ ̸= M ⊆
V (G) and a nonempty set X = {1;2;3;:::;d(G)} of colors of cardinality d(G); let fo
M be
an assignment of subsets of X to the vertices of G; such that fo
M(u) = {d(u;v) : v ∈
M;u ̸= v} where d(u;v) is the usual distance between u and v: Given such a function
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fo
M for all vertices in G; an induced edge function f
⊕
M of an edge uv ∈ E(G); f
⊕
M (uv) =
fo
M(u)
⊕
fo
M(v): We call fo
M an M-open distance pattern coloring of G; if no two adjacent
vertices have same fo
M and if such an M exists for a graph G; then G is called an open
distance pattern colorable graph; the minimum cardinality of such an M if it exists, is the
open distance pattern coloring number of G; denoted by M(G): Also, if |f
⊕
M (e)| = k for
all e ∈ E(G); we call G a k-uniform M-open distance pattern colorable graph and if such
an M exists for a graph G; then G is called k-uniform open distance pattern colorable
graph.
Figure 1:
The following observations are immediate from the denition.
Observation 1.1. The cardinality of an odpc-set is always ≥ 2:
Observation 1.2. fo
M(ui) = {j : NM
j [ui] ̸= ∅} and in D∗M
G ; the (i;j)th entry is 1 if and
only if NM
j [ui] ̸= ∅:
Proposition 1.1 is immediate from the observations.
Proposition 1.1. In a graph G; a nonempty M ⊆ V (G) is an open distance pattern
colorable set if and only if no two adjacent vertices in G have identical rows in D∗M
G :
2 Main Results
Lemma 2.1. Every connected bipartite graphs are open distance pattern colorable.
Proof. Let G be a bipartite graph with the bipartition of the vertex set V into V1 and V2:
The proof follows by choosing M = V1 (or M = V2); as when M = V1; then 1 ̸∈ fo
M(u) for
all u ∈ V1 whereas 1 ∈ fo
M(u) for all u ∈ V2:
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Corollary 2.1. The complete bipartite graph Km;n is open distance pattern colorable if
and only if m ≥ 2: In particular, Km;n is 2-uniform M-open distance pattern colorable.
Proof. The proof is immediate as for the choice of M as one of the partite set Vn (or
Vm), then f0
M(vi) = {1};∀vi ∈ V (Kn) − M: and f0
M(vi) = {2};∀vi ∈ M′: Also, Km;n is
2-uniform M-open distance pattern colorable since |f⊕
M(e)| = 2;∀e ∈ E(Km;n):
Corollary 2.2. The complete graph Kn is not open distance pattern colorable
Proof. The proof is immediate as for any choice of M ⊆ V; f0
M(vi) = {1}; ∀vi ∈ V (Kn):
Theorem 2.1. Trees are open distance pattern colorable.
Proof. Let T be a tree. Then the center of T is either K1 or K2:
Case 1: Center of T is K1
Let x be the center of T: Consider T as a rooted tree with root vertex as x: Let ni;i =
1;2;:::;h(T) (where h(T); is the maximum distance of a vertex from the root), denote
the number of vertices in the ith level. Let vij ;j = 1;2;:::;ni denote the vertices in the
ith level. Let M = {v11;v12}: Then fo
M(x) = {1} and fo
M(v1j) = {2} for j = 1;2;3;:::;n1:
For i ≥ 2; and for each j = 1;2;:::;ni
fo
M(vij) =
{
{(i − 1);(i + 1)}; if vij is a descendent vertex from a vertex of M
{(i + 1)}; otherwise
Clearly, no two adjacent vertices have same M-open distance pattern coloring.
Case 2: Center of T is K2
Let x;y be the center of T: Choose x as the root vertex of T and M = {y;v} for some
vertex v such that xv ∈ E(T): By a similar argument as in case 1, M is an open distance
pattern color set of T:
Theorem 2.2. Cycles Cn;n ̸= 3;5;7 are open distance pattern colorable.
Proof. Let Cn be an even cycle and choose M to be the set of all alternative vertices of Cn:
Then fo
M(u) = {2;4;6;:::;d(G)} if u ∈ M and fo
M(u) = {1;3;5;:::;d(G) − 1} if u ̸∈ M:
Thus M is an odpc-set of Cn
Let Cn = v1v2v3 :::vnv1 be an odd cycle with n ̸= 3;5;7 and let M = {v1;v2;v5}:
Then the rows representing the M-open distance pattern coloring of v1;v2;:::;v5 (taken
in order) in D∗M
G are given below

 



1 0 0 1 0 : : : 0
1 0 1 0 0 : : : 0
1 1 0 0 0 : : : 0
1 1 1 0 0 : : : 0
0 0 1 1 0 : : : 0

 



and the rows representing the open distance pattern coloring of v6v7 :::vn (taken in order)
in D∗M
G are given below
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




 


 


 


 



 


 


 


 


1 0 0 1 1 0 0 0 0 : : : 0 0 0 0 0 0 0 0
0 1 0 0 1 1 0 0 0 : : : 0 0 0 0 0 0 0 0
0 0 1 0 0 1 1 0 0 : : : 0 0 0 0 0 0 0 0
: : : : : : : : : : : : : : : : : : : :
: : : : : : : : : : : : : : : : : : : :
: : : : : : : : : : : : : : : : : : : :
0 0 0 0 0 0 0 0 0 : : : 0 1 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 : : : 0 0 1 0 0 1 1 0
0 0 0 0 0 0 0 0 0 : : : 0 0 0 1 0 0 1 1
0 0 0 0 0 0 0 0 0 : : : 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 : : : 0 0 0 0 0 1 1 1
0 0 0 0 0 0 0 0 0 : : : 0 0 0 0 0 1 1 0
0 0 0 0 0 0 0 0 0 : : : 0 0 0 0 1 1 0 1
0 0 0 0 0 0 0 0 0 : : : 0 0 0 1 1 0 1 0
0 0 0 0 0 0 0 0 0 : : : 0 0 1 1 0 1 0 0
: : : : : : : : : : : : : : : : : : : :
: : : : : : : : : : : : : : : : : : : :
: : : : : : : : : : : : : : : : : : : :
0 0 1 1 0 0 1 0 0 : : : 0 0 0 0 0 0 0 0
0 1 1 0 0 1 0 0 0 : : : 0 0 0 0 0 0 0 0
1 1 0 0 1 0 0 0 0 : : : 0 0 0 0 0 0 0 0





 


 


 


 



 


 


 


 


Since no two adjacent rows in D∗M
G are identical, by Proposition 1.1, M is an open distance
pattern colorable set and Cn is an open distance pattern colorable graph.
Now we prove that C3;C5 and C7 are not open distance pattern colorable graphs.
Let C3 : v1v2v3v1 be a cycle with open distance pattern colorable set M: Then |M| ≥ 2: Let
|M| = 2: Without loss of generality, let v1 and v2 ∈ M: Then fo
M(v1) = fo
M(v2) = {1} and
they are adjacent. Hence, M is not an open distance pattern colorable set. Let |M| = 3:
Then M = {v1;v2;v3} and hence, fo
M(v1) = fo
M(v2) = fo
M(v3) = {1}: Since v1;v2 and v3
are adjacent to each other, M is not an open distance pattern colorable set. Thus C3 is
not an open distance pattern colorable graph.
Let C5 : v1v2v3v4v5v1 be a cycle with open distance pattern coloring set M: Since d(C5) =
2; possible open distance pattern colorings are {{1};{2};{1;2}}: If possible let fo
M(vi) =
{1} for some vi ∈ V (C5): Without loss of generality let fo
M(v1) = {1}: Then either M =
{v1;v2;v5} or M = {v2;v5}:
Case 1: M = {v1;v2;v5}:
In this case fo
M(v2) = fo
M(v3) = fo
M(v4) = fo
M(v5) = {1;2}: But v3v4 ∈ E(C5) makes a
contradiction to the denition of open distance pattern coloring. Hence, M is not an open
distance pattern colorable set.
Case 2: M = {v2;v5}:
In this case fo
M(v2) = fo
M(v5) = {2} and fo
M(v3) = fo
M(v4) = {1;2}; which makes a
contradiction since, v3v4 ∈ E(C5): Hence, M is not an open distance pattern colorable
set.
Hence, fo
M(vi) ̸= {1} for any vi ∈ V (C5): Since there are odd number of vertices, it is not
possible to give a proper coloring to C5 using the 2 colors {2} and {1;2}: Thus C5 is not
an open distance pattern colorable graph.
Let C7 : v1v2 :::v7v1 be a cycle with an open distance pattern colorable set M: Then
|M| ≥ 2: Possibilities for the choices of M are given below.
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Case 1: |M| = 2
M1 = {v1;v2}; M2 = {v1;v3}; M3 = {v1;v4}
Case 2: |M| = 3:
M1 = {v2;v3;v4}; M2 = {v2;v4;v6}; M3 = {v2;v3;v5}; M4 = {v2;v5;v6}
Case 3: |M| = 4:
M1 = {v1;v2;v3;v4}; M2 = {v1;v2;v3;v5}; M3 = {v1;v2;v4;v5}; M4 = {v1;v2;v4;v6};
M5 = {v1;v3;v5;v7}
Case 4: |M| = 5:
M1 = {v1;v2;v3;v4;v5}; M2 = {v1;v3;v4;v5;v6}; M3 = {v1;v3;v4;v6;v7}
Case 5: |M| = 6:
M1 = {v1;v2;v3;v4;v5;v6}
Case 6: |M| = 7:
M1 = {v1;v2;v3;v4;v5;v6;v7}:
In all the cases there is atleast two adjacent vertices in C7 with same M-open distance
pattern coloring. Hence, C7 is not an open distance pattern colorable graph.
Remark 2.1. The choice of odpc-set M is not unique. For example any two nonadjacent
vertices vi;vi+2 is an odpc-set of an even cycle and any three vertices vi;vi+1;vi+4 is an
odpc-set for an odd cycle. However, by choosing all the alternate vertices of an even cycle
as the odpc-set, we get |f
⊕
M (e)| = d(G) for all e ∈ E(Cn) and hence, Cn;n even is a d(G)-
uniform colorable. One may also conclude that (Cn) = 2 when n is even and (Cn) = 3
when n is odd and n > 7: In fact from Theorem 2.2, it follows that, given any positive
integer k ≥ 2; there exists a k-uniform open distance pattern colorable graph.
Theorem 2.3. Unicyclic graphs G  Cn;n = 3;5;7 are open distance pattern colorable.
Proof. Let G be an unicyclic graph with its unique cycle Cn : u1u2 :::unu1: When G ∼ = Cn;
the result follows from Theorem 2.2. Let G  Cn:
Case 1: G be a unicyclic graph with unique cycle Cn;n = 3;5;7:
Let G be a unicyclic graph with unique cycle C3 : v1v2v3v1: Let u1 be a noncycle vertex of
G adjacent to a vertex of C3: Without loss of generality let u1v1 ∈ E(G): Let M = {v2;u1}
(or M = {v3;u1}): Then fo
M(u1) = fo
M(v2) = {2}; fo
M(v1) = {1}; fo
M(v3) = {1;2}: Let
Ti be the tree rooted at the vertex vi;i = 1;2;3: Then for each vertex w ̸= u1 in T1;
fo
M(w) = {d1;d1 + 2} where, d1 = d(u1;w); for each vertex w in T2; fo
M(w) = {d2;d2 + 2}
where, d2 = d(v2;w) and for each vertex w in T3; fo
M(w) = {d3 + 1;d3 + 2} where,
d3 = d(v3;w): Since G is a unicyclic graph, no two adjacent vertices have same open
distance pattern coloring and hence G is an open distance pattern colorable graph.
Similarly, we can show that a unicyclic graph G with unique cycle C5 or C7 is an open
distance pattern colorable graph.
Case 2: G be a unicyclic graph with unique cycle Cn;n ̸= 3;5;7:
Choose a vertex ui with degree of ui ≥ 3 and let Ti be the tree rooted at the vertex ui:
If Cn is an even cycle, choose M as the set of all alternative vertices, otherwise, choose M
as {v1;v2;v5}: Then by Theorem 2.2, all the vertices in Cn have M-open distance pattern
coloring. Let fo
M(ui) = {d1;d2;:::;"M(ui)}: Then for any vertex v in Ti with d(v;ui) = j;
fo
M(v) =
{
{j;(d1 + j);(d2 + j);(d3 + j);:::;("M(ui) + j)} if ui ∈ M
{(d1 + j);(d2 + j);(d3 + j);:::;("M(ui) + j)} if ui ̸∈ M
Since G is unicyclic, no two adjacent vertices have identical fo
M: Hence G is an open
distance pattern colorable graph.
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3 Scope for further study
Problem 3.1. Characterize open distance pattern colorable graphs. In particular charac-
terize k- uniform open distance pattern colorable graphs.
Problem 3.2. Characterize those graphs for which all subsets, other than singleton set,
of V (G) form an open distance pattern colorable set.
Problem 3.3. Given any positive integer n; does there exist an open distance pattern
colorable graph G with (G) = n:
Problem 3.4. Characterize k-uniform M-open distance pattern colorable graphs.
References
[1] B. D. Acharya, Set Valuations And Their Applications, MRI Lecturer Notes in Ap-
plied Mathematics, No.2, Mehta Research Institute of Mathematics and Mathematical
Physics, Allahabad (1983).
[2] B. D. Acharya, K. A. Germina, B. Koshy, A creative survey on complementary dis-
tance pattern uniform sets of vertices in a graph, Journal of Combinatorial Informa-
tion System Sciences, 2012, In Press.
[3] R. Anandakumar, K. A. Germina, Distance pattern distinguishing sets in graphs,
Advanced Studies in Contemporary Mathematics 21 (2) (2011) 107-114.
[4] J. Bondy, U. Murty, Graph Theory with Applications, The MacMillan Press Ltd
(1978).
[5] S. Fiorini, R. J. Wilson, Edge-colourings of graphs, In L.W. Beineke, R.J. Wilson,
eds.: Selected Topics in Graph Theory, Academic Press, Inc., London, (1978) 103-126.
[6] M. R. Garey, D. S. Johnson, Computers and Intractability: A Guide to the Theory
of NP-completeness, Freeman, San Francisco (1979).
[7] B. Bollobas, A.J. Harris, List-colourings of graphs, Graphs and Combinatorics (1)
(1985) 115-127.
http://dx.doi.org/10.1007/BF02582936
[8] G. Chartrand, C. Poisson, P. Zhang, Resolvability and the upper dimension of graphs,
Computers and Mathematics with Applications (39) (2000) 19-28.
http://dx.doi.org/10.1016/S0898-1221(00)00126-7
[9] F. Harary, Graph Theory, Addison Wesley Publ. Comp., Reading, Massachusetts
(1969).
[10] B. Wilson, Line-distinguishing and harmonious colourings, In R. Nelson, R.L. Wilson,
eds.: Graph Colourings, Pitman Research Notes in Mathematics Series, Longman
Scientic & Technical, Longman house, Burnt Mill, Harlow, Essex, UK. (1990) 115-
133.
7 ISPACS GmbHK. A. Germina Journal of Fuzzy Set Valued Analysis
[11] K. A. Germina, Set-valuations of Graphs and Applications, Project Completion Re-
port, DST Grant-In-Aid Project No.SR/S4/277/05, The Department of Science &
Technology (DST), Govt. of India (2011).
[12] K. A. Germina, Distance Pattern of Vertices in a Graph, International Mathematical
Forum 5 (2010) 1697-1704.
[13] A. Gamst, Some lower bounds for a class of frequency assignment problems, IEEE
Trans. Veh. Technol. (35) (1986) 8-14.
[14] G. J. Chaitin, Register allocation and spilling via graph coloring. SIGPLAN No-
tices, Proceedings of the SIGPLAN 82 Symposium on Compiler Construction, Boston,
Mass. (17) (1982) 98-105.
http://dx.doi.org/10.1145/800230.806984
8 ISPACS GmbH